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INTRODUCTION 
The complex microstructures of the cast stainless steel found in 
nuclear reactors makes their ultrasonic nondestructive evaluation 
particularly difficult. Of concern in certain cast steels are the highly 
aligned grain structures that develop, creating significant elastic 
anisotropy and variation of wave speeds with direction. The dependence 
of wave speed on propagation direction, in turn, leads to such phenomena 
as beam skewing and excess beam divergence. Furthermore, when components 
of these materials are integrated into a structure by welding, additional 
inhomogeneities are introduced. In various components, there may be one 
or more layers with different anisotropy and grain morphology, separated 
by discrete interfaces, or there may be regions in which the properties 
change continuously. Examples of the latter are found within the 
weldment itself, where the direction of anisotropy continuously changes 
in response to the direction of heat flow during solidification. 
Understanding and developing appropriate theories for beam propagation 
through such inhomogeneous, anisotropic cast stainless steel components 
has been the subject of recent interest for researchers; codes have been 
developed using finite difference, and finite element and ray tracing 
methods. The finite difference (1) and finite element (2) techniques 
produce exact solutions and can treat very complex geometries; however, 
they require a long computation time. On ~he other hand, ray tracing (3) 
is relatively fast but does not treat beam spreading properly. 
In previous years, an approximate, Gauss-Hermite model (4) has been 
developed to predict the propagation of a sound field through 
homogeneous, isotropic and anisotropic materials. This model has the 
advantage of being computationally simple and fast and includes an 
algorithm for treating transmission through curved interfaces. The 
Gauss-Hermite model explicitly incorporates beam spreading, but it has 
some limitations due to the paraxial approximation that was required to 
achieve its simple analytical form. The objective of the present study 
is to extend the Gauss-Hermite model so that it may more fully describe 
the effect of inhomogeneities in anisotropic materials. Included is the 
development of procedures to treat the propagation of beams through 
multiple interfaces between adjacent layers of different materials. 
UNDERLYING CONCEPTS 
Generalization to Multiple Layers 
To predict beam propagation through multiple, anisotropic layers, 
the slowness surface must be constructed in each layer and certain 
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Fig. 1. True slowness surface and its parabolic fit with respect to 
coordinate system aligned with propagation direction. 
parameters must be found in the vicinity of the central rays (see Figure 
1). Using these parameters as inputs, individual layer solutions must be 
constructed and interconnected at the interfaces. This requires that (1) 
the angle at which the beam diffracts in the new medium must be found in 
accordance with the anisotropic generalization of Snell's Law, (2) the 
amount of energy transmitted through that interface (transmission 
coefficient) must be found, (3) a segment of the wave slowness surface 
(describing the angular variation of the wave speed) must be 
reconstructed and (4) the anisotropic parameters which describe the 
influence of the anisotropy on the evolution of the beam must be deduced. 
This paper describes the development of a computer code to 
automatically implement these steps. 
Christoffel Equation 
For homogeneous, anisotropic materials, plane wave solution to the 
elastic wave equation must satisfy the Christoffel equation: 
where p is the density, C'jkl is the elastic stiffness tensor, u is the 
displacement field, uu is the frequency and k is the wavevector. 
(1) 
Equation (1) has nontrivial solutions when the determinant of the matrix 
equation is set to zero. The eigenvalues o! Equation (1) determine the 
wavevectors, or equivalently the slowness, k/w, while_ the eigenvectors 
determine the displacement, or polarization, vectors p for each plane 
wave mode. 
The energy in anisotropic materials does not necessarily flow in a 
direction perpendicular to the phase fronts. The rate and direction of 
energy flow are given by the group velocity, 
(2) 
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Propagation Through Interfaces 
When a plane wave encounters a planar interface, there will be three 
reflected waves, and three transmitted waves. To find the reflection and 
transmission coefficients the conservation of displacement and stresses 
are satisfied at the interface. 
Gauss-Hermite Beam Model 
The approximate, Gauss-Hermite model predicts the sound fields 
radiated into isotropic and anisotropic components through curved 
liquid-solid interfaces by focused and unfocused transducers. Its 
ingredients are the plane wave and interface transmission solutions 
discussed above. The model has been previously validated experimentally 
by comparing its predicted beam profiles to those measured in beam 
mapping experiments in which the fields were scanned by a point receiver 
(5). One of the approximations used in the development of the 
Gauss-Hermite model is the paraxial, or Fresnel approximation. In this 
approximation it is assumed that the energy in the beam propagates in a 
sufficiently narrow range of angles that the slowness surface can be 
represented by a Taylor series expansion in the vicinity of the 
propagation direction. For instance, in anisotropic media, the slowness 
(k/w) in the vicinity of the central ray is written as 
( k) (kx) (ky) (kx)2 (kx)(ky) (ky)2 ~ "S.+A w +B ~ +C w +D w ~ +£ ~ (3) 
Here kx and ky are the wave vector components in a coordinate system in 
which the z-axis is aligned with the propagation direction. So is the 
slowness along the central ray and A, B, C, D and E are determined by the 
details of the slowness surface. These parameters control such beam 
propagation phenomena as beam skew and divergence. In the case of 
isotropic material, A=B=C-D=E=O. 
DEVELOPMENT OF COMPUTER CODES FOR LAYERED MEDIA 
To make a numerical prediction of the beam profile after propagation 
through several layers, a computer code has been developed. The flow 
chart in Figure 2 shows the order of calculation at each interface. 
One of the essential inputs to the code is the elastic constant 
matrix of each layer. Generally the elastic constants are given in a 
coordinate system related to the material symmetry, which may be 
different from the preferred coordinates used in the code (3 direction is 
normal to the interface surface). For example, the crystal axes of the 
material may change continuously as in weldment. When such a material is 
approximated by a set of discrete layers, the crystallographic axes will 
not necessarily have a constant relationship to the interfaces. Thus, a 
routine was developed to rotate a given set of elastic constants to the 
interface coordinate system. 
Using the rotated elastic constants, the slowness surface of a given 
material may be constructed. Two approaches are used for calculation of 
wavevector. The wavevector in each direction is 
(4) 
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In the calculation of transmitted angles, one requires kl and k2 of the 
transmitted wave to be equal to the corresponding values for the incident 
wave. Equation (1) is then solved for k3 of the transmitted wave. In 
the generation of the slowness surface and calculation of anisotropy 
parameters, the kl and k2 components can be expressed in spherical co-
ordinate system as a function of the k3 component and two angles Sand~: 
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Fig. 2. Flow chart for Gauss-Hermite code for mutiple layers. 
(5) 
k2= k 3 tan9sincjl 
Now Equation (1) can be written in terms of k3, e, and~. Hence, by 
specifying e and ~ for a given direction, Equation (4) can be solved for 
k3. Consequently, equation (4) can be solved for a range of angles, and 
the slowness surface for that range of angles can be constructed. By 
using the code developed for this purpose, the slowness surface is also 
constructed in the vicinity of the propagation direction. Then, a 
parabola is fitted through the mentioned portion of the slowness surface. 
The equation of such a parabola determine the anisotropy parameters A, B, 
e, D, and E. The polarization vector and energy direction are also 
computed by solving for the eigenfunctions of Equation (1) and solving 
Equation (2). 
Another subroutine computes the reflection and transmission 
coefficients between two interfaces. This code uses the other mentioned 
codes to find the property of each wave and solves for the six unknown 
coefficients by satisfying displacement and stress continuity at the 
boundary. 
RESULTS 
Wave Propagation Through A Single Interface' Comparison to Finite 
Difference Prediction 
To examine the code, some of its predictions were compared to those 
obtained by the finite difference technique (2) for a model problem in 
which the wave propagates from an isotropic layer into an anisotropic 
layer of arbitrary orientation. The interface is assumed to be planar 
with the incident wave striking it normally. The elastic constants were 
chosen to represent those of steel commonly used in nuclear reactor 
components. 
The Gauss-Hermite model reproduced the major features of the finite 
difference calculation. For example, the beam skew-phenomena predicted 
was essentially the same for the two models. Differences were observed, 
however in two important aspects of the predictions. Figure 3 presents 
the results of the beam profile calculations based on the Gauss-Hermite 
model. Superimposed on this, represented by horizontal bars, are the 6, 
12 and 18 dB beam widths predicted by the finite difference model. Two 
conclusions can be drawn. First the widths predicted by the 
Gauss-Hermite model are somewhat smaller than those predicted by the 
finite difference calculation. This is believed to be at least partially 
a result of the fact that the finite difference calculation was performed 
in the time domain for a short pulse. On the other hand, the 
Gauss-Hermite model predicted the time harmonic response at the center 
frequency of the pulse. Inclusion of other spectral components would 
likely broaden the pulse. 
A second limitation of the Gauss-Hermite solution that was revealed 
in comparison with the finite difference method is the asymmetry of the 
beam in anisotropic layers. At certain orientations of the anisotropic 
layer, the finite difference calculation predicts that the beam diverges 
quite rapidly and assumes a significant asymmetry. The Gauss-Hermite 
model recovers the rapid spreading but does not predict the asymmetry 
because of an assumption in the form of the initial field at the 
transducer face. Of course, this asymmetry is most pronounced at the 
edges of the beam, where the amplitude is not high, and it may not be of 
great practical importance. Further study of the Gauss-Hermite model is 
required to establish the severity of this limitation. 
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Fig. 3. Gauss-Hermite prediction of the propagation of a compressional 
wave through an interface between an isotropic and anisotropic 
medium. Vertical bars represent 6, 12 and 18 dB beam widths 
predicted by finite difference method. 
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CONCLUSIONS 
One of the advantages of the Gauss-Hermite code is its high 
computational speed. By comparing the Gauss-Hermite code with the finite 
difference method, it was concluded that the Gauss-Hermite model could 
conveniently treat mUltiple interface problems while being 
computationally efficient. Also, the model could recover the rapid 
spreading of the beam and closely predict beam width and skewing 
phenomena. 
Some limitations of the Gauss-Hermite approach were revealed in the 
comparison with the finite difference technique. While the finite 
difference method predicts that, at some angles in anisotropic materials, 
the beam will have significant asymmetry, the Gauss-Hermite model 
predicts that the beam will remain symmetric with respect to the central 
ray. 
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